A mating system to reduce the inbreeding of commercial females in the lower level was examined theoretically, assuming a hierarchical breed structure, in which favorable genes are accumulated in the upper level by artificial selection and the achieved genetic progress is transferred to the lower level through migration of males. The mating system examined was rotational mating with several closed sire lines in the upper level. Using the group coancestry theory, we derived recurrence equations for the inbreeding coefficient of the commercial females. The asymptotic inbreeding coefficient was also derived. Numerical computations showed that the critical factor for determining the inbreeding is the number of sire lines, and that the size of each sire line has a marginal effect. If four or five sire lines were available, rotational mating was found to be quite an effective system to reduce the short-and long-term inbreeding of the commercial females, irrespective of the effective size of each sire line. Oscillation of the inbreeding coefficient under rotational mating with initially related sire lines could be minimized by avoiding the consecutive use of highly related lines. Extensions and perspectives of the system are discussed in relation to practical application.
INTRODUCTION
The control of the increase of inbreeding is a common policy in the maintenance of animal populations. To reduce the inbreeding rate in conserved populations or control lines in selection experiments, many strategies, such as equalization of family sizes [10, 29] , choice of parents to minimize average coancestry [4, 27] and various systems of group mating [17, 24, 29] have been proposed.
In most animal breeds in commercial use, the solution of the inbreeding problem will be complicated by the hierarchical structure, in which favorable genes are accumulated in the upper level of the hierarchy by artificial selection and the achieved genetic progress is transferred to the lower level mainly through the migration of males [23, 28] . In such a structure, different systems are required for reducing the inbreeding rate in the breed, according to the levels of the hierarchy. As shown by many authors [16, 21, 25, 31] , selection is inevitably accompanied by an increase in inbreeding. Thus, the main problem of inbreeding in the upper level of the hierarchy is to maximize the genetic progress under a restricted increase of inbreeding, and a large number of selection and mating systems for this purpose have been developed (e.g. [5, 15, 26] ).
In the present study, we focused on a mating system to reduce the inbreeding rate in commercial females in the lower level of the hierarchy. Farmers in the lower level of the hierarchy usually rear females to produce commercial products and their replacements. Since the traits related to commercial production and reproduction can show strong inbreeding depression [9, 20] , the suppression of increased inbreeding in the commercial females will be a practically important issue. We supposed a situation where males are supplied by several strains (referred to as "sire lines" hereafter) in the upper level of the hierarchy. One of the most efficient systems will be the rotational use of the sire lines, as in rotational crossing with several breeds. The use of this mating system to reduce the inbreeding in commercial females was first proposed by Nozawa [19] . Using the methodology of path analysis, he worked out the recurrence equation of the inbreeding coefficient under rotational mating with full-sib mated sire lines, and showed that this type of mating is quite an effective system to reduce the long-term inbreeding accumulation in commercial females [19] . In this study, we derive more general recurrence equations, which allow the evaluation of the effects of the number and size of sire lines and the initial relationship among them. Based on numerical computations with the equations obtained, the practical efficiency of the rotational mating system was examined.
MODELS AND ASSUMPTIONS

Theory of group coancestry
In the derivation, we applied the group coancestry theory [6, 7] , which is an extension of the coancestry of individuals [14] to groups of individuals. Under random mating, the group coancestry has the same operational rule as the ordinary coancestry. For example, consider the group of individuals x with parental groups of p and q, each of which descended from grandparental groups of a, b, and c, d, respectively. Letting φ p·q be the group coancestry between two groups p and q, the expected inbreeding coefficient (F x ) of individuals in group x is expressed as:
The group coancestry of group x with itself is defined as the average pairwise coancestry including reciprocals and self-coancestries [4] . Thus,
where N is the number of individuals in group x, andφ x is the average pairwise coancestry among individuals (excluding self-coancestries).
Mating scheme and population structure
We suppose a single commercial population of females, maintained by mating with sires rotationally supplied from n sire lines, each with the same constant size of N m males and N f females over generations. The sire lines are assumed to be completely closed to each other after the initiation of rotational mating, but with various degrees of relationships in the initial generations. Within each sire line, random mating and discrete generations are assumed. Thus, the inbreeding coefficient in each sire line at generation t (F * t ) is computed by the recurrence equation
where N e = 4N m N f / N m + N f is the effective size of the sire line [33] . The line supplying sires to the commercial females in a given generation is referred to as the supplier at that generation. We give sequential numbers 1, 2, . . . , n to the suppliers in generations 0, 1, . . . , n-1, respectively. Letting S t−i be the sequential number of the supplier in generation t − i, S t−i could be determined by
where MOD (x, n) is the remainder of x divided by n. Note that, because of the nature of rotational mating, S t−i = S t−i−kn for a given integer number k.
The groups of males and females in the sire line S t−i are denoted by m(S t−i ) and f (S t−i ), respectively. The group coancestries within and between male and female groups are assumed to be equal in a given generation t − 1:
The population of commercial females is denoted by c. Discrete generations with the same interval as the sire lines and random mating with supplied sires were assumed in the commercial population.
RECURRENCE EQUATION FOR INBREEDING COEFFICIENT OF COMMERCIAL FEMALES
Rotational mating with unrelated sire lines
We first consider the case with unrelated sire lines. In this case, it is apparent that the inbreeding coefficient (F t ) of the commercial females within the first cycle of rotation is zero; F t = 0 for t ≤ n. In Figure 1 , the pedigree diagram for t ≥ n + 1 is illustrated. Applying the operational rule of coancestry (Eq. (1)) to the diagram, we get an expression of the inbreeding of the commercial females in generation t ≥ n + 1 as
From (2) and (4), the first two group coancestries in (5) are
Furthermore, by noting that the supplier in generation t-1 should also be the supplier in generation t-n-1 (i.e. S t−1 = S t−n−1 ), the last two group coancestries in (5) could be written as
Rotational mating with n sire lines for t ≥ n + 1. The commercial females are rotationally mated with sires supplied from male group of n sire lines (m(·)). The sire line S t−1 , which supplies sires for the mating at generation t-1, appeared as S t−n−1 in the previous cycle of mating (at generation t-n-1). Between these two generations, n-1 different sire lines (from S t−n to S t−2 ) supply sires rotationally. Mating within each sire line, except for S t−1 , are omitted for simplification.
Substituting these expressions into equation (5) leads to the recurrence equation for the inbreeding coefficient of the commercial females as
Note that when n = 1, the assumed mating system reduces to the closed nucleus breeding system. It can be verified that the asymptotic rate of inbreeding (∆F = (F t − F t−1 )/(1 − F t−1 )) of equation (6) with n = 1 depends only on the effective size of the sire line, and is approximated by ∆F = 1/(2N e ), agreeing with the previous result for the closed nucleus breeding system [12, 13] .
Rotational mating with related sire lines
When related sire lines are used, the inbred commercial females appear within the first cycle of rotation, with the inbreeding coefficient
where
As shown in the Appendix, the inbreeding coefficient of the commercial females after the first cycle of rotation (t ≥ n + 1) is generally expressed as
ASYMPTOTIC INBREEDING COEFFICIENT OF COMMERCIAL FEMALES
Rotational mating with unrelated sire lines
When unrelated sire lines were used, the inbreeding coefficient of the commercial population eventually reaches an asymptotic value. The asymptotic value F ∞ can be obtained by the following consideration.
Since there is no gene flow among sire lines, each line will eventually be fixed, and then F * ∞ ≡ F * t−n−1 = F * t−n = 1. Substituting this into equation (6) gives
Since F t and F t−n can be replaced by F ∞ in the asymptotic state, the asymptotic value is obtained as
Rotational mating with related sire lines
With an initial relationship among sire lines, the asymptotic expression for the inbreeding coefficient of the commercial females is complicated because the second term in (8) does not converge to a single asymptotic value when n ≥ 3. For a sufficiently large t, we denote the suppliers before i generations as S −i . With an analogous argument to the previous case, an asymptotic expression could be obtained as
Equation (10) converges to a single value for n = 2, but shows a regular oscillation with a cycle of n generations for n ≥ 3.
NUMERICAL COMPUTATIONS
Rotational mating with unrelated sire lines
To assess the effects of the number (n) and the size (N m and N f ) of sire lines on the accumulation of inbreeding in the commercial females (F t ), numerical computations with (3) and (6) ≤ 3) , the effect is diminished as n becomes larger. For example, the inbreeding coefficients of commercial females with n = 2 reached 22.5%, 12.4% and 7.1% in generations 20 for N m = 2, 5 and 10, respectively, while the corresponding values with n = 5 were 2.0%, 1.1% and 0.6%, respectively.
As seen from (3) and (6), the number of females in each sire line (N f ) affects the inbreeding coefficient of the commercial females only through the effective size of sire lines (N e in Eq. (3)). Since the number of the less numerous sex, i.e. the number of males in this case, is the major factor for determining the effective size, it is expected that an increase of N f has little effect on the accumulation of inbreeding in the commercial females. For example, the inbreeding coefficient in the commercial females for the case of N m = 5 and N f = 1000 showed no essential differences from that of the case of N m = 5 and N f = 200. 
Rotational mating with related sire lines
The average coancestries among five breeding herds (i.e. Hyogo (HY), Tottori (T), Shimane (S), Okayama (O) and Hiroshima (HR) prefectures) of a Japanese beef breed (Japanese Black cattle) were used to illustrate the effect of initial relationships among sire lines. The average coancestries among the five herds estimated by Honda et al. [11] are given in Table I . We supposed a situation where a sire line with N m = 2 and N f = 200 is constructed from each of the five herds, and the rotational mating system is applied to a hypothetical population of commercial females. For the simplicity of the computation, the five sire lines were assumed to be initially inbred with the same degree of F * 0 = 0.06, which is the average inbreeding coefficient in the current breed [11] . The orders of the use of sire lines in the commercial population were assumed to be HY-T, HY-T-S, HY-T-S-O and HY-T-S-O-HR for n = 2, 3, 4, and 5, respectively. The inbreeding coefficient of the commercial population computed from equation (8) is shown in Figure 3 .
Although the inbreeding coefficient in the commercial population is higher than the corresponding value of the case with unrelated sire lines (cf. Fig. 2  (A) ), the rotational mating with four or five sire lines can essentially suppress the increase of inbreeding in the commercial females. As seen from the additional term due to the initial relationships in equation (8), the oscillation pattern observed in the cases with n ≥ 3 depends on the order of the use of the sire lines, and a sharp increase of inbreeding manifests when highly related sire lines are used in two consecutive generations.
Asymptotic inbreeding coefficient in commercial females
Asymptotic inbreeding coefficients of commercial females are presented in Table II , for the cases with unrelated and related sire lines. With unrelated sire lines, the asymptotic inbreeding coefficient of the commercial females can be suppressed to less than 10% when n ≥ 4. Even if the sire lines are initially related, the initial relationships generate no serious increases of the asymptotic inbreeding.
DISCUSSION
There is much evidence that the inbreeding coefficients of females have substantial effects on commercially important traits, such as milk yield and egg production [20] . The traits relevant to meat production, such as carcass weight and daily gain, are also affected by the inbreeding of dams [20] . In recent years, various mating and selection strategies have been proposed to reduce the rates of inbreeding in selection programs while keeping genetic gains at a given level (e.g. [5, 15, 26] ). However, these methods target small nucleus populations, in which selection and mating can be intensively managed, and may not be implemented in the commercial female populations, where the choice of sires to be mated with the females depends on the strategies of individual farmers.
The mating system considered in the present study will have practical merit in its application to the commercial female population, because it does not require systematic controls of mating over the population, such as the systematic mating allocation required in the minimum coancestry mating [5] . The proposed system can be arranged by individual farmers according to their strategies. For example, if five sire lines (say A, B, C, D and E) are available, some farmers could rotationally use the four lines A, B, C and D, while others could adopt the mating with the four lines B, C, D and E.
In the above context, the success of rotational mating will highly depend on the genetic merits or qualities of the available sire lines. If one sire line is inferior to the others, farmers in the commercial population will avoid the use. For successful rotational mating, well-designed breeding programs will be essential in the sire lines.
Numerical computations have shown that the critical factor for determining the inbreeding in commercial females is the number of sire lines, and the size of each sire line has a minor effect. In practice, if four or five sire lines are available, rotational mating could be an effective system to reduce the short-and long-term inbreeding of the commercial females, irrespective of the effective size of each sire line. When the sire lines are initially related, an oscillation of the inbreeding coefficient may occur in commercial females. A sharp increase in inbreeding in one generation may cause a serious inbreeding depression, as experimentally shown by Beilharz [2] . To minimize the oscillation of inbreeding, the use of two highly related lines in consecutive generations should be avoided.
Ultimately, the inbreeding coefficient of commercial females reaches an intermediate value (cf. Eqs. (9) and (10)). This is a special case of the theoretical result of Robertson [22] . He showed that a population split into permanent sublines will not genetically fix, because allele fixation occurs independently in each subline. In the present study, the assumption of closed sire lines led to the fixation of the lines with different alleles, and thus the commercial females retained a heterozygosity in the ultimate state. In the study of crossbreeding, Dickerson [8] showed that the fraction of heterosis expected under rotational crossing with n breeds is (2 n − 2)/(2 n − 1). This agrees with the expected ultimate heterozygosity in the commercial females predicted by equation (9) , that is 1 − F ∞ = 1 − 1/(2 n − 1).
The hierarchical breed structure, as assumed in the present study, has been reported in many livestock breeds (e.g. [1, 23, 28] ). For example, in the population of Japanese Black cattle, the five regional subpopulations listed in Table I have played important roles as suppliers of breeding stocks to the entire breed.
Although the genetic diversity of the breed has been reduced by the intensive use of sires from limited strains during the past decade [18] , the five regional subpopulations still maintain their unique genetic compositions [11] . Rotational mating with the existing genetic materials will largely contribute not only to the reduction of inbreeding in the commercial females but also to the maintenance of genetic diversity in the breed through balancing of the genetic contributions of the subpopulations.
In the derivation of the theory, we have made several simplifications. Among them, the most critical one is the neglect of selection in sire lines. Selection will inflate the inbreeding coefficient in a sire line [16, 21, 25, 31] . Due to the inflated inbreeding, the inbreeding in the commercial females will also be enhanced (cf. Eqs. (6) and (8)). This effect could be approximately taken into account by computing the effective size of sire lines with the formula incorporating the effect of selection. Theories for predicting the effective population size have been developed for various types of selection (e.g. Wray et al. [32] for index selection, and Bijma et al. [3] for BLUP selection).
In a strict sense, the application of derived equations is limited to neutral loci. If intense selection for the same breeding objective is carried out in all sire lines, it will tend to increase the genetic resemblance between sire lines, even if they are maintained separately. Thus the same favorable alleles will be fixed in most sire lines, and the heterozygosity for the loci in the commercial females may be less than that predicted.
In practice, sire lines may have different sizes. The problem of unequal sizes of sire lines could be solved straightforwardly by applying the recurrence equation (3) to each sire line. The inbreeding coefficient of the commercial females is then obtained by replacing F * t−n and F * t−n−1 in (6) and (8) by the corresponding inbreeding coefficient of the supplier in generation t-1.
To apply rotational mating to species with overlapping generations, the sire lines should be rotated based on the turnover of generations in commercial females. Although the recurrence equations (6) and (8) can not be strictly applied, the inbreeding coefficient could be approximated with these equations, so long as there are no large differences among generation intervals of sire lines and commercial females. Since the asymptotic equations (9) and (10) hold exactly even in the case of overlapping generations, the upper limit of inbreeding can be estimated with these equations.
We have assumed a situation where several sire lines are available at the initiation of rotational mating. When the upper level of hierarchy has an undivided structure, it will raise a question of whether separate sire lines should be established. This would involve trade-offs between more inbreeding (and less genetic gain) in the individual sire lines and less inbreeding in the commercial female population. Although the exact solution should be considered in future studies, the best compromise could be empirically found by comparing various strategies for a given total size in terms of the inbreeding coefficient and genetic gain in each level of hierarchy.
Finally, although we have assumed that sire lines are closed to each other after the initiation of rotational mating, some amounts of migration should be actually allowed among the sire lines to avoid the deleterious inbreeding effect in each of them. A recent study by Wang [30] predicts that managed migration among subpopulations could maintain a substantial genetic diversity among the subpopulations, and could reduce the inbreeding rate in each subpopulation to an acceptable level. However, through migration of animals, new relationships would be generated among sire lines, and will inflate the inbreeding of the commercial females. More detailed theoretical study is necessary on this subject. Consider first the inbreeding coefficient of commercial females within the first cycle of rotation (Eq. (7)). Applying the operational rule (Eq. (1)) to the pedigree diagram of Figure A.2 (1) leads to the inbreeding coefficient of commercial females in generation 2 as F 2 = φ m(2)·c,1 = Q (2, 1) , where Q (2, 1) is generally defined as Q (x,1) = 1 4 φ m(x)·m(1) + φ f (x)·m(1) 0 . In Figure A.2 (2) , the pedigree diagram for t = 3 (n ≥ 3) is illustrated. With the application of equations (1) and (A1) to this diagram, the inbreeding coefficient in generation 3 is obtained as
With the same argument, the inbreeding coefficient in generation 3 ≤ t ≤ n can be generally expressed as
Next, consider the inbreeding coefficient of commercial females after one cycle of rotational mating, i.e. t ≥ n + 1. The pedigree diagram is illustrated in Figure A .3. Applying the operational rule (Eq. (1)) to the pedigree diagram, we get an expression of F t as F t = 1 2 n+1 φ m(S t−1 )·m(S t−1 ) + φ f (S t−1 )·m(S t−1 ) + φ m(S t−1 )·c + φ f (S t−1 )·c t−n−1
With equations (6) and (A1), the above expression reduces to (8) .
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